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Give a countermodel
MODE LS a) for every formula what we labelled ‘strange’, such that
. . b) for some formula what we labelled ‘fine’.
A model Mis a pair <3’ V> where (i.e., give a model in which the formula in question is not true
Y %’ is a frame S — <[/\/'7 R>, (i.e., false in some world of it))

e Visanevaluation V : At — P(W).
We define the satisfaction or local truth relation in the following way:

Mwl=p & we V(p)

Mw = —p & itisnot true that M, w S0
MwkEpry & MwkEgpandMw =y
M, w = Fop & Fo(w < v AM,0 k= @)

Q.
)
e,

M, w = Py S Fv<wAMoE )
We define the global truth or just simply the truth relation based on the local
truth:

MEp <<= VoMwE=e

And the most important: we say that ¢ is valid of § iff it is true no matter what

are the meunings Of its atomic particles: Why is the latter so important? Because only
the structure matters here. So by investigating

3 VV V validities, we will able to investigate the struc-
S ': ¥ 3:’ ': ¥ ture of time, while we keep the local perspec-
tive of the modal language.
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A-B Correspondences (modal definability)
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Difficulty =~ Name  TL formula FOL formula Name
Easy T Op — ¢ Vw wRw reflexive
Easy 4 Op — O0¢ Vwou. wRvRu — wRu transitive
Normal Den OO — Op VYwv. wRu — (Jv)wRvRu dense
Easy B p — O0p Vwo. wRv — vRw symmetric
Normal E Op — 00 Ywo. uAiwRv — vRu euclidean
Normal G O0p — OO Vwou. vAwRu — (EIu’)(vRu’ﬂu) convergent
Normal 3 Qp AN OY — Ywou. vAwRY — (vRu V vAu V 4 = v)  no branching to the right
(O A OP)V
Ole AY)V
O(0p A1)
Hard 3 O00¢p — )V Ywou. vAwRY — (VRu V vAu V 4 = v)  no branching to the right
00y — )
Easy D Op — O Yw3v wRo serial
Easy Dt D(D(p — (p) Vwo. wRv — vRo secondary reflexive
Beautiful GL O(0O¢ — ¢) - Oy  Vwou(wRvRu — wRu) A Noetherian SPO
—-3P(Vw € P)(Fvslw) P(v)
Beautiful ~ Grz D(D((p — Op) — Yw wRwA reflexive
— @) = ¢ Vwou (WRvRu — wRu) A Noetherian
—-3P(Vw € P)(FvAw)(w # v A P(v))  partial ordering
Easy v O Ywv ~wRo empty
Easy Tr e — Op Vwo. wRv — w =0 diagonal
Normal 1.1 Qp — Oy Ywou. vAwRu — v =1u partial function
Normal ijkl Oichp — Dkoltp Vwou. vXiwRky — (Hu/)(vau’ﬂlu) ijkl-convergent
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A-B CORRESPONDENCES (MODAL DEFINABILITY)

Difficulty =~ Name  TL formula  FOL formula Name
? Yw —wRw irreflexive
? Vwou. wRoRu — —wRu intransitive
? Ywo. wRv — —vRw antisymmetric
2

—Vwou. vAwRu — (URu VoduVu= ’U) there are branches
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A-B CORRESPONDENCES (MODAL DEFINABILITY)

Difficulty =~ Name  TL formula  FOL formula Name

Impossible ? Yw —wRw irreflexive
Impossible ? Vwou. wRvRu — —wRu intransitive
Impossible ? Ywv. wRv — —vRw antisymmetric
Impossible ? —Vwou. vAwWRu — (vRu V vAu V u = v)  there are branches

We will show that none of them are definable.
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FRAME /MODEL OPERATIONS

1 Disjoint union
Glueing frames together — that act is modally invisible btw.

2 Submodel generation
Erasing things from the frame in a modally invisible way

3 Zig-zag mapping (“p-morphism”, “bounded morphism”)
Super handy modally invisible transformation

4 Ultrafilter extension

Putting all contingency into the frame — beautiful advanced stuff, but we won’t discuss it.

GOLDBLATT-THOMASON THEOREM: A first-order definable class K of frames
is modally definable iff its validity is is closed under zig-zag mapping,
subframe generation, disjoint unions and reflects ultrafilter extensions.
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HOMOMORPHISMS

Homomorphism % from 91 to 9’ are h : W — W’ such that they

1 preserve the valuation:
mtvw':p = mlah(w)':p
2 preserve the relation:

xRy == h(x)R'h(y)

Yy—h— h(y)
| |

|
|

X — h— hx)

Homomorphism

=

00000

00
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Z1G-ZAG-MORPHISMS

Zig-zag-morphisms h from 9 to 9’ are homomorphisms b : W — W'
satisfying the same atoms and making zags:

MwiEp <= M hw)Ep

h(x)R'y = Byx)h(y) =y

3y—h—>y’
|
11 = R

X — h— h(x)

Zig-zags = The upward arrows (R) force each other out.

00
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Z1G-ZAG-MORPHISMS

Zig-zag-morphisms h from 9 to 9’ are homomorphisms b : W — W'
satisfying the same atoms and making zags:

MwiEp <= M hw)Ep
h(x)R'y = ByAx)h(y) =y’

Y —hn—y y—h—y
| o
AN

T

X —h—h(x)  x--p-o 3y

Zig-zags = The upward arrows (R) force each other out.
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Z1G-ZAG-MORPHISMS

Zig-zag-morphisms h from 9 to 9’ are homomorphisms b : W — W'
satisfying the same atoms and making zags:

MwiEp <= M hw)Ep

h(x)R'y = Byx)h(y) =y

Y—h—y -y
| ([

R ORRE 11
X — h— h(x) ;c—h—» X

Zig-zags = The upward arrows (R) force each other out.

00
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INVARIANCE OF TRUTH

Truth is preserved under zig-zag-mapping.
Mw = <= M hw) Ep

So ¢ is true in a world of a model iff it is true in the zig-zag image of it.

00

PROOF: By structural induction:
1 atoms p: MwpEp < M, h(w) | p-Dbut that's how we defined it!

2 negations —:
Mw-p <= Mh(w) ¢

ind.hip.

MWwhe < MW ke

3 conjunctions ¢ A 9: pretty much the same
4 Oy

M, w = Op = W, h(w) = O
zig+ind.hip. ﬁ

(Fostw) M, v = ¢ EY (h(v)Sh(w))M, h(v) |= ¢
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INVARIANCE OF TRUTH

Truth is preserved under zig-zag-mapping.
Mw = <= M hw) Ep

So ¢ is true in a world of a model iff it is true in the zig-zag image of it.

00

PROOF: By structural induction:
1 atoms p: MwpEp < M, h(w) | p-Dbut that's how we defined it!

2 negations —:
Mw-p <= Mh(w) ¢
ind.hip.
MWwhe < MW ke

3 conjunctions ¢ A 9: pretty much the same
4 Oy

M, w = Op = M, h(w) | Op
zag+ind.hip.
(Fostw) M, v = ¢ £ (Qusth(w))M, h(u) ¢
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INVARIANCE OF VALIDITY

Frame-validity is invariant under surjective zig-zag-mapping:

SEe <= @) EFy

So ¢ is valid on all zig-zag image iff it is valid on the original.

PROOF:
FFEe — h(3) = ¢
(i v
inv.of.truth.
WEVwkEe <= AV KE),V, hw) e
~
m

Here the V and V' are given by different reasons if we consider the different
directions of the proof. One is given by the non-validity, and the other is
determined by that; it is chosen to make a model zig-zag morphism from the
frame zig-zag morphism h.
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INVARIANCE OF VALIDITY

Frame-validity is invariant under surjective zig-zag-mapping:

SEe <= ) EFy

So ¢ is valid on all zig-zag image iff it is valid on the original.

PROOF:
FFEe — h(3) = ¢
(i v
inv.of.truth.
WEVwkEe <= AV KE),V, hw) e
~
m

Here the V and V' are given by different reasons if we consider the different
directions of the proof. One is given by the non-validity, and the other is
determined by that; it is chosen to make a model zig-zag morphism from the
frame zig-zag morphism h.
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EXAMPLE

h: (N,suc) — ({o},{(e,0)})

this proves that irreflexivity is not definable! If there is a formula defining
that property, then that should be valid on (N, <), and its validity should be
preserved under & — so that formula would be valid on a reflexive frame, and
that is wrong.
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EXAMPLE

h: (N,suc) — ({o},{(e,0)})

Prove that antisym-
metry and intransi-
tivity is not definable.

this proves that irreflexivity is not definable! If there is a formula defining
that property, then that should be valid on (N, <), and its validity should be
preserved under & — so that formula would be valid on a reflexive frame, and
that is wrong.



Definability Completeness Logics Summary Point-generation Unraveling Bulldozing
0000000000  000000000000000000 00000000000 000 0OO00O0000O 0000 00000 00

Completeness
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FREEDOM

M is freer than M iff M has less truth then N, i.e.,

def

Th(M) C Th(9M') where Th(M) {p : ME ¢}

Are there models 91 that are absolutely free, i.e.,
o' Th(9M) C Th(oM")

That would mean that such an absolutely free model is free from any
contingencies that are definable in the modal language. If something can be
falsified in some model, then it will be false in the absolutely free one as well.
Therefore, such a model would act like a universal countermodel.
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CHARACTERIZATION

The minimal temporal logic is K def {¢ : V& T | ¢}, i-e., the set of validities
of frames in general. How can we create a logic from a set of formulas?

We will write =k ¢ instead of ¢ € K.
We will write ¢, . .., ¥, Ek ¢ instead of =k (1 A - A ) — .
We will write T' =k ¢ instead of (i1, ..., € T) 91, ..., %0 Fk @

An absolutely free model 2t then characterizes K:

MEp = Fxe

So “valid on every frame” = “true on 9”.
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COMPLETENESS

It would be an interesting /important question whether K, the logic of all
frames, is finitely axiomatizable or not, i.e.,

is there a finite list of axioms and rules with which one could derive all the
validities of K? Or in other words,

is there a finite syntactical characterization of that logic too?
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A CONCRETE FREE MODEL

We will construct an absolutely free model Mtk from K. In other words, we
will construct a model whose

e every world will be a syntactical object: a special set of formulas.

e alternative relation will be a syntactical relation: some special subset of
that formula set is a subset of another one.

e valuation will be given by the membership relation: for an atomic
sentence,

to be true in a set of formulas
is the same as

to be in that set of formulas

We will invent the alternative relation and the notion of worlds in a way to
make this property true for any kind of formulas, not only for the atoms, so
to prove a statement like this

pel < M, T Eo

This will be the so-called free model of K, the property above will be called
Truth Lemma.
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A FREE MODEL OF K

M & (W, Rk, Vi)

where
o Wk dof {T" : T'is a maximally K-consistent set}, i.e.,

e Every I is K-consistent: I" ek L
e These I's is so huge that if you try to put one more formula in it,
you would make it K-inconsistent:

(pFT) TU{p} b L
e T'RgI" iff I” contains ¢ whenever I' contains Gy, formally:

Rl € G () cr’ where G™(I') & {4 : Gp T}

e TeVkp) & per

00
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FREE ALTERNATIVE RELATION

The followings are equivalent:
L4 FR](F/
e I contains @ whenever I contains Ge, formally:

G (ncr where G~ (I') ¥ {a : Ga €T}

I contains Fj3 whenever I contains 3, formally:
I DF () where FH(I") & (F3 : B eT'}

e T contains v whenever I'' contains Hv, formally:

r>H (I') where H (I') & {v : HyeI"}

e IV contains P§ whenever I' contains §, formally:

PH() Cr where PT(I') & (Ps : 5T}
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FREE ALTERNATIVE RELATION

PP CI=G (IN)cr’ IDF (I")=TD>H (I')
Gpel assumption Hy € I'  assumption
PGp eI’ byPH(I)CTI’ FHo eI byl DFH(I)

pel’ because Fx PGy — ¢ pel because Fx FHp — ¢
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FREE ALTERNATIVE RELATION

PP CI=G (IN)cr’ IDF (I")=TD>H (I')
Gperl assumption Hy € I"  assumption
PGp eI’ byPHI)CT FHp €T by D FH(IY)
pel’ because Ex PGy — ¢ pel because =x FHy — ¢
Prove that o
PG pand fro e i
Fx FHp — ¢
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TRUTH LEMMA

pel <= M, T Ev

pel’ < T eVk(p) by def. of Vk

— Mg,I'Eep by def. of =
—pel < ¢l T is consistent
— Mg,TFEep ind.hip.
= Mg, -p by def. of =
pANY el <«— gpelandy el I' is maximally cons.

— Mk, I'E=pand Mk, T’ =9 ind.hip.
— M, TEeAY by def. of =
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TRUTH LEMMA

pel < M, T Ev

(VI'RgT) My, I = ind hip.
Mk, I = Hp by def. of =

Gpel <= ¢peG (I def.of G~
o = (I EWK[I 2 GT(T)
implies ¢ € I"|
< (VFI%KF) (NS I def.of Rk
—  (VI'kD) Mk, TV = ind.hip.
— Mk, T =Gy by def. of =
Hpell' < ¢peH (I) def.of H™
S = (M ew 2 H ()
implies ¢ € I"]
= (VF'GWK)[G (rycr
1mp11es (RS r ] the equivalences
<~ (VFIRKF) p e I def.of Rk
—
—
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EXISTENCE LEMMA

Gpel < peG (I') <= (VI'" € Wk)[I" 2 G (I) implies ¢ € I']
Take the contraposition instead!
Gpé¢ll <= ¢ G (I) = (A1 e Wk)[I"' 2G (I and ¢ ¢ I']
Since we have maximally consistent sets,
“Gpel < —peG (I')= A e W)[I' 2 G (T') and —¢ € I]
Let ¢ := —p (“if it is true for any ¢, it is true for any negation —)”):
G el < -eG ()= A" € W)[I' 2 G (I') and =~ € I"']
i.e., our meditational object will be
Fel <= ¢peG (I)= A" e Wx)[I'2G (I andy €I"]

So we have to prove that the presence of a Fi in a m.c.s. enforce the existence
of an other, related m.c.s. set, in which ¢ is contained.
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EXISTENCE LEMMA

Fel < ¢ypeG ()= A" e Wx)[I' 2 G (I and ¢ € I'"]

G~ (') U {} is K-consistent. For if

G D)U{p} Fx L indirect assumption
G () Ex —¢ Deduction theorem
Ixt, o xn B def.of G~ (T) =k
Fx (Xt A Axn) = g def.of (xa A -+ Axn) Fx

Fxk G(x1A---Axu) > G-p  Seebelow!
Ek (Gxi A+ AGxu) = G—¢ Seebelow!

Gxi, -+ ,Gxn Fx G—o def.of (Gx1 A -+ AGxn) Ex
I' Fx G-y xX€EG ()& Gyxel
I ':]( —-Fyp Duality
Fu{Fy} Ex L Deduction theorem
I' =x L we assumed that Fp € T’

Remember that we relied on basically the following two logical rule:

Fxo—=19

Ex (Go A GY) — Gp A1) Ex Gy — Gy
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EXISTENCE LEMMA

00000 00

Ppel < ¢peH (I') = (I € Wx)[I" DH (') and ) € I'']

H™(T") U {¢} is K-consistent. For if

H ) u{e} Ex
H™(T) pFx
3X17"' , Xn ':K
Ex

=k

=k

Hy1, -+ ,Hx: Fx
T g

-

PUPY) Fx

I Ex

1
—p

—p

(X1 A Axn) =
Hx1 A+ Axn) = Hop
(Hx1 A--- AHxu) — Hog
H=p

H-¢

Py

1

1

indirect assumption
Deduction theorem
def.of H™(T") Ex

def.of (x1 A~ A xn) Ex
See below!

See below!

def.of (HX1 FANCREIVAY HXn) ':1(
xe€EH (I')&Hxel
Duality

Deduction theorem

we assumed that Py € T’

Remember that we relied on basically the following two logical rule:

Fx (Hp AHY) — H(p A )

Fxe—1
Fx Hp — Hy

Point-generation Unraveling Bulldozing
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EXISTENCE LEMMA

Ppel < ¢peH (I') = (I € Wx)[I" DH (') and ) € I'']

H™(T") U {¢} is K-consistent. For if

H D)U{p} Fx L indirect assumption
H (I') Ex —¢ Deduction theorem
Ix1, e BFx e def.of H™(T') =x
Fx (A Axn) = - def.of (x1 A~ A xn) Fx

Ex Hoa A+ Axa) = H-p  See below!
Ex (Hxi A--- AHxs) = H-p See below!

Hx1, -+ ,Hxs Fx Hop def.of (Hx1 A - AHxa) Ex
I' =k H-o x€H ()< Hyel
I' Ex Py Duality
Fru{Py} Ex L Deduction theorem
I' Ex L we assumed that P € T’

Remember that we relied on basically the following two logical rule:

— Prove that th
=x (Hp AHY) — H(p A1) % Prove that these ae
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LINDENBAUM’S LEMMA

Since G~ (I') U {¢} is K-consistent, it can be extended into a maximally
consistent set I"". Just list all the formulas and start the following procedure:
take the first formula: Is it consistent with Sy & G~ () U {p}? If it is, then
extend X, with that formula, if not, then don’t. Repeat this into the infinity.
Your m.c.s. willbe G™(I') U {¢} the one will contain every formula with
which you would extend.

Yo :=TU{Fy}

Yes
Yip1 =2 U {(,0} DY ':K Pi No

Similarly for H.
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LINDENBAUM’S LEMMA

Since G~ (I') U {¢} is K-consistent, it can be extended into a maximally
consistent set I"". Just list all the formulas and start the following procedure:
take the first formula: Is it consistent with Sy & G~ () U {p}? If it is, then
extend X, with that formula, if not, then don’t. Repeat this into the infinity.
Your m.c.s. willbe G™(I') U {¢} the one will contain every formula with
which you would extend.

Yo :=TU{Fy}

Yes
Yip1 =2 U {(,0} DY ':K Pi No

Similarly for H.

Prove that ¥ must
be consistent!
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ABSOLUTE FREEDOM / CHARACTERIZATION / FREE
MODEL THEOREM

Only (Exactly) the valid formulas are true in k.

M = <= FEx o

We show that

M = ¢ < Fx o
Since the construction called “free model” is a real model indeed, we have
the = direction.
If £k ¢, then {—p} is K-consistent. Therefore we can extend it to a
maximally K-consistent I'"* set by Lindenbaum’s lemma. But this set is a
world in the free model M. And since this world contains =, it is true in it
by the Truth lemma:

el = Mk, [ 7% E —p

And we are ready, since we found a world of Mtk where -~ is true, i.e., ¢ is
not true neither in that world nor in the whole model.
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COMPLETENESS

Consider the following tautology:
Every non-K-valid formula is falsifiable on some model
A completeness theorem has a similar form:
Every non-K-theorem is falsifiable on some model

where the word “theorem” refers to some syntactic derivation system.
Using the absolute freedom of Mk, we can freely interchange the second part
of that sentence even in that opaque environment:

Every non-K-theorem is falsifiable on the free model 9tk

So we would have a finite syntactic characterization/axiomatization of K if
we can define a finite derivational system satisfying that sentence. Remember
that we used only the validity of the following temporal formulas and rules:

PGy — ¢ FHyp — ¢
(GoAGY) = G(pAY)  (Hp AHY) — H(p A1)

o= =
Gy — Gy Hy — HY
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DERIVATION FOR K

We define the derivation relation Fk inductively: It is the smallest relation
satisfying the followings:

o Fxp— ) — pforall p,,
* tkp—= (Y= x) = (=) = .p—xforallp,9,x,
® Fx o =Y — . ) — —pforall p, 1,
® ¢k PGy — pforall ¢,
® tx FHy — ¢ forall ¢,
e ¢ (Gp AGY) = G(p A) for all p, 1),
e ¢ (Hp AHvy) — H(p A 9) for all o, 1),
o Iftx pand Fx ¢ — @ then Fx ¥,
o Iftk ¢ = 9, thentFx Gp — Gy,
o IfFg ¢ — 9, then Fx Hyp — Hy.
T 1 e Fx (1 A Athn) =

Thce £ Q.. b €Dy, the bk @
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DERIVATION FOR K
THEOREM: I' Fx ¢ iff there is a finite list of formulas (called proof) such that
for every formula of that list it is true that
® itis an axiom of K
® jtis an element of T'

e it can be derived from previous list-members using a rule of K.

You should try to prove it — this the-
orem is one of those for which it is
true that everybody see why is it
true, but not everybody can prove
it step by step.
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STRONG COMPLETENESS

THEOREM:
Thk e — FEkey

To prove <, we show

'k e = Ik o

From the premise we have I' U {—¢} t/k L. Then by replacing the sign =k
with Fx in Lindenbaum’s lemma we can conclude that there is a maximally
consistent set ©"V{™%} that contains T' U {—¢}. Now, again, replace =k with
Fk everywhere in the definition of the free model: The resulting construction
will be called canonical model. Since we used exactly the axioms of K in
these proofs, we have the corresponding version of the free model theorem
(called canonical model theorem) and the truth lemma as well. Then Mk has
a world - that would be X"} — which contains every element of I' U {~¢},
therefore, by the truth lemma,

(VpeT) M, S =y but Mk, BTV o
So since the free model is a model, we have the desired counter model for

FIZK @.

Prove =-.
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Canonical model
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THE CANONICAL MODEL

We will construct an absolutely free model 9k from k. In other words, we
will construct a model whose

e every world will be a syntactical object: a special set of formulas.

e alternative relation will be a syntactical relation: some special subset of
that formula set is a subset of another one.

e valuation will be given by the membership relation: for an atomic
sentence,

to be true in a set of formulas
is the same as

to be in that set of formulas
We will invent the alternative relation and the notion of worlds in a way to

make this property true for any kind of formulas, not only for the atoms, so
to prove a statement like this

pel < M,T'Eyp

This will be the so-called canonical model of K, the property above will be
called Truth Lemma.
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A CANONICAL MODEL OF K

M & (W, Rk, Vi)

where
o Wk dof {T" : T'is a maximally K-consistent set}, i.e.,

e Every I is K-consistent: I" /x L
e These I's is so huge that if you try to put one more formula in it,
you would make it K-inconsistent:

(Vo 2T) TU{p}tx L
e T'RgI" iff I contains ¢ whenever I' contains G, formally:

Rl € G (M) cr’ where G~ (I') & {4 : Gp T}

e feVkp) ¥ per

00
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CANONICAL ALTERNATIVE RELATION

The followings are equivalent:
L4 FR](F/
e I contains @ whenever I contains Ge, formally:

G (ncr where G~ (I') ¥ {a : Ga €T}

I contains Fj3 whenever I contains 3, formally:
I DF () where FH(I") & (F3 : B eT'}

e T contains v whenever I'' contains Hv, formally:

r>H (I') where H (I') & {v : HyeI"}

e IV contains P§ whenever I' contains §, formally:

PH() Cr where PT(I') & (Ps : 5T}
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CANONICAL ALTERNATIVE RELATION

PP CI=G (IN)cr’ IDF (I")=TD>H (I')
Gpel assumption Hy € IY  assumption
PGp eI’ byPH(I)CTI’ FHp € T' byT D FH(I)

pel’ because Fx PGy — ¢ perl because Fx FHp — ¢
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CANONICAL ALTERNATIVE RELATION

PP CI=G (IN)cr’ IDF (I")=TD>H (I')
Gpel assumption Hy € IY  assumption
PGy eI’ byPHI)CI' FHp €T by D FH(IY)
pel’ because Fx PGy — ¢ pel because Fx FHp — ¢
Prove that

Prove the remaining

Fk PGy — d
K P T pan directions!

Fx FHe — ¢
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TRUTH LEMMA

pel <= M, T Ev

pel’ < T eVk(p) by def. of Vk

— Mg,I'Eep by def. of =
—pel < ¢l T is consistent
— Mg,TFEep ind.hip.
= Mg, -p by def. of =
pANY el <«— gpelandy el I' is maximally cons.

— Mk, I'E=pand Mk, T’ =9 ind.hip.
— M, TEeAY by def. of =
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TRUTH LEMMA

pel < M, T Ev

(VI'RgT) My, I = ind hip.
Mk, I = Hp by def. of =

Gpel <= ¢peG (I def.of G~
o = (I EWK[I 2 GT(T)
implies ¢ € I"|
< (VFI%KF) (NS I def.of Rk
—  (VI'kD) Mk, TV = ind.hip.
— Mk, T =Gy by def. of =
Hpell' < ¢peH (I) def.of H™
S = (M ew 2 H ()
implies ¢ € I"]
= (VF'GWK)[G (rycr
1mp11es (RS r ] the equivalences
<~ (VFIRKF) p e I def.of Rk
—
—
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EXISTENCE LEMMA

Gpel < peG (I') <= (VI'" € Wk)[I" 2 G (I) implies ¢ € I']
Take the contraposition instead!
Gpé¢ll <= ¢ G (I) = (A1 e Wk)[I"' 2G (I and ¢ ¢ I']
Since we have maximally consistent sets,
“Gpel < —peG (I')= A e W)[I' 2 G (T') and —¢ € I]
Let ¢ := —p (“if it is true for any ¢, it is true for any negation —)”):
G el < -eG ()= A" € W)[I' 2 G (I') and =~ € I"']
i.e., our meditational object will be
Fel <= ¢peG (I)= A" e Wx)[I'2G (I andy €I"]

So we have to prove that the presence of a Fi in a m.c.s. enforce the existence
of an other, related m.c.s. set, in which ¢ is contained.
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EXISTENCE LEMMA

00000

Fel < ¢ypeG ()= A" e Wx)[I' 2 G (I and ¢ € I'"]

Point-generation Unraveling Bulldozing

00

G~ (') U {} is K-consistent. For if

G (M u{e} Fx
G (I') Fk
I, xn Fx
Fx

Fx

Fx

Gxi1, -, Gxn Fx
I' Fx

I' Fk

FU{Fy} Fx

I' Fx

1

—p

—p

(a A= Axn) = 2@
Gxa A Axn) = G
(Gx1 A+~ ANGxu) = G
G-y

G-y

—-Fyp

1

1

indirect assumption
Deduction theorem
def.of G™(T") Fk

def.of (xa A+ A xn) Fx
See below!

See below!

def.of (Gxa A+ AGxa) F

XxXeEG (I)eGyxel
Duality

Deduction theorem

we assumed that Fp € T’

Remember that we relied on basically the following two logical rule:

Fk (Ge A GY) — G(e A )

bk o = 9
Fk Gy — Gy
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EXISTENCE LEMMA

Ppel < ¢peH (I') = (I € Wx)[I" DH (') and ) € I'']

H™(T") U {¢} is K-consistent. For if

H (T)U{p} Fx L indirect assumption
H™ (') Fx —o Deduction theorem
X, X P def.of H™ (') Fk
Fk Ga A Axn) = - def.of (x1 A+ A xu) Fx

Fxk H(x1 A---Axu) > H-¢  Seebelow!
Fx (Hxi A--- AHyxy) = H-p See below!

Hyx1, -+ ,Hxn Fx H-ep def.of (Hx1 A -+ AHyxa») Fk
T Fxk H-op x€H (I')©Hxel
I' Fx =Py Duality
FTU{Pp} Fx L Deduction theorem
' Fx L we assumed that P € T’

Remember that we relied on basically the following two logical rule:

FKQO—)’L/J

Fx (Hp AHy) — H(p A9) Fe Hp = Hy
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EXISTENCE LEMMA

Ppel < ¢peH (I') = (I € Wx)[I" DH (') and ) € I'']

H™(T") U {¢} is K-consistent. For if

H (T)U{p} Fx L indirect assumption
H™ (') Fx —o Deduction theorem
X, X P def.of H™ (') Fk
Fk Ga A Axn) = - def.of (x1 A+ A xu) Fx

Fxk H(x1 A---Axu) > H-¢  Seebelow!
Fx (Hxi A--- AHyxy) = H-p See below!

Hyx1, -+ ,Hxn Fx H-ep def.of (Hx1 A -+ AHyxa») Fk
T Fxk H-op x€H (I')©Hxel
I' Fx =Py Duality
FTU{Pp} Fx L Deduction theorem
' Fx L we assumed that P € T’

Remember that we relied on basically the following two logical rule:

Fx © — ’L/J Prove that these are

Fk Hp AHY) — H(e AY) Fx Hp — Hy | validindeed:
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LINDENBAUM’S LEMMA

Since G~ (I') U {¢} is K-consistent, it can be extended into a maximally
consistent set I"". Just list all the formulas and start the following procedure:
take the first formula: Is it consistent with Sy & G~ () U {p}? If it is, then
extend X, with that formula, if not, then don’t. Repeat this into the infinity.
Your m.c.s. willbe G™(I') U {¢} the one will contain every formula with
which you would extend.

Yo :=TU{Fy}

Yes
2i+1 =3 U {(,0} i Fx ©i No

Similarly for H.
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LINDENBAUM’S LEMMA

Since G~ (I') U {¢} is K-consistent, it can be extended into a maximally
consistent set I"". Just list all the formulas and start the following procedure:
take the first formula: Is it consistent with Sy & G~ () U {p}? If it is, then
extend X, with that formula, if not, then don’t. Repeat this into the infinity.
Your m.c.s. willbe G™(I') U {¢} the one will contain every formula with
which you would extend.

Yo :=TU{Fy}

Yes
2i+1 =3 U {(,0} i Fx ©i No

Similarly for H.

Prove that ¥ must
be consistent!
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ABSOLUTE FREEDOM / CHARACTERIZATION /
CANONICAL MODEL THEOREM

Only (Exactly) the valid formulas are true in .

M Ep <= txe

We show that
Mk o < x p.

Since the construction called “canonical model” is a real model indeed, we
have the = direction.
If t/k ¢, then {—p} is K-consistent. Therefore we can extend it to a maximally
K-consistent I'"* set by Lindenbaum’s lemma. But this set is a world in the
canonical model Mik. And since this world contains —, it is true in it by the
Truth lemma:

el = Mk, I7% E

And we are ready, since we found a world of Mtk where -y is true, i.e., ¢ is
not true neither in that world nor in the whole model.
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Logics
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LOGICS

DEFINITION: A normal temporal propositional logic is a set of formulas that
contains every K-valid formula and is closed under the rules of K.

THEOREM: K is the smallest normal temporal propositional logic.

DEFINITION: We denote the smallest normal temporal propositional logic
that contains (the syntactically defined) K and ¢ with K + (¢)

DEFINITION: A formula ¢ is canonical for a property P, iff besides that ¢ is
valid on P-frames, ‘by taking it as an axiom the canonical model of that new
logic becomes P’:

(VL D K+ (¢)) M. has the property P
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AXIOMATIZING TRANSITIVITY

THEOREM: Gy — GGy is canonical for wRw'Rw” = wRw"

PROOF: defining Let L be a n.t.p. logic that contains the scheme (4) and let T,
I, T be arbitrary canonical worlds s.t. TR.I"R.I""'. We have to prove that
G~ (') CTI". Takea Gy € I'. Then by (4), GGy € T, therefore

GpeG I)ClMandpe G- (I") C T,

COROLLARY: K + (4) axiomatizes the logic of transitive frames.

(Because My 4 (4) will count as a counter-model.)
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AXIOMATIZING NON-BRANCHING

THEOREM:H(Hy — v) V H(Hy — ¢) is canonical for
(wRw; and wRw,) = (w1Rw, or wi = w, or wiSlw,),

PROOF: Let L be a n.t.p. logic containing the formula (H.3). Let I" be arbitrary
but fixed, and let I'; and I'; be arbitrary Rp-neighbours of T".

If I'y =Ty, then we are ready. If I'1 # I';, then suppose indirectly that they
are not related by Ry at all. That would mean that there is a formula Hy € I'y
for which ¢ ¢ I's, and similarly, that there is a formula Hy) € I'; for which
1 ¢ I'1. SoHp, ) € T't and Hy, ¢ € T'y.

In this case we would have that -(Hy — ¢) € 'y and =(Hp — 9) € T,
therefore, since both of I'y and I'; are Ry -related to I we have that
P-(HyY — ) € I'and P-(Hp — ¢) €T, i.e., even
P-(Hy) — ¢) AP-(Hp — ¢)) € T, hence ~H(Hy — ¢) A-H(Hyp — ¢)) € T
which makes I" inconsistent.

COROLLARY:K + (H.3) axiomatizes the logic of those frames where there are
no branching in the past.
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Short Summary
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K

LOGIC OF FRAMES

PC1) p = — o
PC2) o= (W —=x) = (¢ =) = .p—x

A more traditional axiomatization: replace the

(PC3) @ = — .—p — = (AP)-(AP)-(PLem)-(FLem) schemes with
(CP) PGy — ¢ (KP) H(p = ¢) — (Hp — Hy)
(KF) G(g =) = (Gp — G¥)
(CF) FHp — ¢ ey 2

(AP) (G AGY) = G(p AY)
(AF) (Hp AHy) — H(p A)

Y
(RNF)

And it is also usual to postulate the duals (contra-
positions) of (CP) and (CF)

P
MP) o=
(4
=Y
(FLem) Ll

Gy = Gy
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K+ (4)

LOGIC OF TRANSITIVE FRAMES

PC1) p = — o 4) Gy — GGy
(PC2) o= (p = x) =(p = ¥) =0 = x
(PC3) p =Y = . —p = —p

(CP) PGy — ¢

(CF) FHp — ¢

(AP) (G AGY) = G(p A¥)

(AF) (Ho AHy) = H(p A1)

P
MP) o=

(4

=Y
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K+ (H.3)

LOGIC OF BACKWARD-NONBRANCHING FRAMES

(PCL) o= = (H.3) H(Hyp — ) VHHY — ¢)
(PC2) o= (v = x) (¢ = ¥) = = X
(PC3) p =Y = . —p = —p

(CP) PGy — ¢

(CF) FHp — ¢

(AP) (G AGY) = G(p A1)

(AF) (Hp ANHy) — H(p A )

P
MP) o=

(4

=Y
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K+ (G.3)

LOGIC OF FORWARD-NONBRANCHING FRAMES

(PCL) o= = (G3) G(Gy = Y)VG(GY — )
(PC2) o= (v = x) =2(p = ¥) = = X
(PC3) p =Y = . —p = —p

(CP) PGy — ¢

(CF) FHp — ¢

(AP) (G AGY) = G(p A1)

(AF) (Hp ANHy) — H(p A )

P
MP) o=

(4

=Y
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K-+ (H3)+ (G.3)

LOGIC OF NONBRANCHING FRAMES

(PCL) ¢ = =0 (H.3) H(Hyp — ) VHHY — ¢)
(PC2) o = (b = x) = (¢ =) 20— x (G3) GGy = ¥)VG(GY — @)
(PC3) p =Y = . —p = —p

(CP) PGy — ¢

(CF) FHp — ¢

(AP) (G AGY) = G(p A1)

(AF) (Hp ANHy) — H(p A )

P
MP) o=

(4

=Y
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K+ (4)+ (H3) + (G.3)

LOGIC OF TRANSITIVE NONBRANCHING FRAMES

PC1) p = — o 4) Gp — GGy
(PC2) ¢ = (¥ = x) (¢ = ¥) = — x (H.3) HHp — ¢)VHHY — ¢)
PC3) =Y = .~ = o (G3) G(Gy = ¥)VG(GY — )
(CP) PGy — ¢
(CF) FHy — ¢

(AP) (Gp AGY) = G(p AY)
(AF) (Hp AHy) — H(p A9)
®
(MP) o=
¥

(PLem) 7H:Z : gw

(FLem) Gz%éw
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TRICKING THE UNDEFINABLE

e Unfortunately, none of the canonical models of the above axiom
systems are irreflexive or connected.
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TRICKING THE UNDEFINABLE

e Unfortunately, none of the canonical models of the above axiom
systems are irreflexive or connected.

e Unfortunately, we can not solve this problem by taking some new
axioms — there are no axioms for irreflexivity and connectedness. (They
are undefinable).
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TRICKING THE UNDEFINABLE

e Unfortunately, none of the canonical models of the above axiom
systems are irreflexive or connected.

e Unfortunately, we can not solve this problem by taking some new
axioms — there are no axioms for irreflexivity and connectedness. (They
are undefinable).

e Fortunately, since there is no formula that would be sensitive to
irreflexivity, if we transform the canonical model in a way that only the
loops vanish, but the information provided by the loops are preserved
in a way, then the logic of that transformed model would be the same
(Remember that the logic of the canonical model of an axiom system is
the logic of the all models of that axiom system!).
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TRICKING THE UNDEFINABLE

e Unfortunately, none of the canonical models of the above axiom
systems are irreflexive or connected.

e Unfortunately, we can not solve this problem by taking some new
axioms — there are no axioms for irreflexivity and connectedness. (They
are undefinable).

e Fortunately, since there is no formula that would be sensitive to
irreflexivity, if we transform the canonical model in a way that only the
loops vanish, but the information provided by the loops are preserved
in a way, then the logic of that transformed model would be the same
(Remember that the logic of the canonical model of an axiom system is
the logic of the all models of that axiom system!).

e Fortunately, since there is no formula that would be sensitive to
connectedness, if we transform the canonical model in a way that only
that parts of the model vanish that we don’t use in the completeness
theorem, and the remaining parts are connected, then the logic of that
model would be the same.
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(Is there any temporal formula ¢ which defines the frame-property P? ]

e

(Is  canonical for that P?)

Yes

Extend your
axiom system

with ¢, and
you are ready!

A

[¢]

So P is a higher-
order property

(Fine 1975).
Then forget
about the ca-

nonical model,
you have to find

another way... :(
———

A

Does your

canonical

model has the property

P already?

&

(Transform
canonical model
into a ‘very simi-
lar’ model that
has the property
P.

(Since P is un-
definable,  your
logic won’t notice
| the difference!)

the
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PLAYGROUND

Homeworks:

1

Prove that there are loops in the canonical model of K.
HINT: Take the theory (set of true formulas), let us call it ', of a reflexive model in which there is only 1
world. Is I" a maximally consistent set? Is there any world of the canonical model that contains I'? Is it true

that a canonical world that contains I sees itself in the canonical frame?

Prove that there are world that has no loops in the canonical model of
K.

HINT: Take the theory, T, of a non-reflexive model in which there is only 1 world.

Show that K is the logic of not-reflexive (this is not the same as
irreflexivity!) frames.

Prove that the canonical model of K is not connected.

HINT: Follow the previous hint!
Show that K is the logic of non-connected frames.

Prove that all these proofs work even if we take some or all the axioms
from this list: (4), (H.3), (G.3).
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Point-generated submodels
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POINT-GENERATION

We can make a new model from an old one in a way that we forgot about the
parts that are not accessible from a previously chosen point. That new model
will be called the point-generated submodel of the old one.

DEFINITION: §' is a closed subframe of § (§' < ) iff

1 W CW,

2 RR=R|W,

3 Ifwe W and wRo, thenv € W/,

4 Ifw e W and vRw, thenv € W', (Because we are temporal!)

If this extends even to the valuation of models builded on these frames, then
we have closed submodels. Formally: If we have two models 9t = (§, V) and
M = (§', V') such that §F' < §, and V' = V | W/, then we say that I is a
closed submodel of M, in symbols: M’ < M.

The closed subframe/submodel generated by the set of worlds X in 9 is the
smallest closed submodel of Mt containing X.

(X)m & () <om: X C W'}
A model Mt or a frame § is point-generated iff there is a world w such that
M = (whon or T = (w)z
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POINT-GENERATION

PROPOSITION: Every point-generated frames/models are connected.
PROPOSITION: Every connected frames/models are point-generated.
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INVARIANCE

The temporal language is blind for the submodel-generation.

THEOREM: Truth is invariant under submodel generation.

M <M = Mwl-p <= M,wlp

THEOREM:
F<F = Fho <= Flo
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CONNECTED MODELS

THEOREM: K is the temporal logic
of connected models (too):

For all connected 2i:

KFoe <= MEOQ

Because for every non-theorem we
have a connected counter-model!
Not the canonical model (because it
is not connected), but one of its sub-
models!

Show that 9k is not
connected!
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CONNECTED MODELS

THEOREM: K is the temporal logic
of connected models (too):

For all connected 2i:

KFoe <= MEOQ

Because for every non-theorem we
have a connected counter-model!
Not the canonical model (because it
is not connected), but one of its sub-
models!

Show that 9k is not
connected!
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CONNECTED MODELS

Point-generated submodels in Mk

THEOREM: K is the temporal logic
of connected models (too):

For all connected 2i:

KF e = ME©p

Because for every non-theorem we
have a connected counter-model!
Not the canonical model (because it
is not connected), but one of its sub-
models!

Show that 9k is not
connected!
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LOGIC OF FORESTS
THEOREM: K + (4) is the logic of forests (too).

IDEA:: We will transform the canonical model Mk into a forest forest(Mx) in
a way that Mk will be a zig-zag image of forest(Mik). Therefore every
formula will be satisfiable on a forest: on forest(9ik).

forest(Mk) & (Wx, Ric, Vk)

where
o Wk is the set of all finite paths in Wx:
Wi & {@ : @ is an n-tuple s.t. w1Rw,R ... Rw, }
° R} is a transitive closure of @Rk T, where
WRkT iff ¥ is a continuation of .
@Rx? & (Fu e Wx) @,u) =7

o @ € V iff in the end of the past @, p is true (€ Vi(p)).

(wr,...,ws) € Vk(p) & wn € Vk(p)

Now the zigzag-morphism will be h(ws, ..., w,) = wx.
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LOGIC OF FORESTS

THEOREM: K + (4) is the logic of forests (too).

IDEA:: We will transform the canonical model Mk into a forest forest(Mx) in
a way that Mk will be a zig-zag image of forest(Mik). Therefore every

formula will be satisfiable on a forest: on forest(9ik).
Show that forest(Mk) is irreflexive,
intransitive, antisymmetric.

forest(Mk) = (Wi, Ry, V)
Show that  is a surjective zigzag-
where morphism.
® Wk is the set of all finite paths in Wk:
Wi & {@ : @ is an n-tuple s.t. w1Rw,R ... Rw, }
° R} is a transitive closure of @Rk T, where
WRxT iff 7 is a continuation of @.
@Rx? & (Fu e Wx) @,u) =7

o @ € V iff in the end of the past @, p is true (€ Vi(p)).

(wr,...,ws) € Vk(p) & wn € Vk(p)

Now the zigzag-morphism will be h(ws, ..., w,) = wx.
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EXAMPLES

3z unraveling § around s

—
<

s for start
1 for left

r for right

f for finish
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EXAMPLES

3z unraveling § around s

—
<
[
~—
~—
—~
»
<

f (s,1,f) (:7.f)

s for start
I for left

r for right

f for finish
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EXAMPLES

3z unraveling § around s

-~ 7 zig-zag morphism "~ _
.

s for start

I for left

r for right
f for finish
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EXAMPLES

- o
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EXAMPLES

(s,7)

® (s,7.f)

- o
2
>
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EXAMPLES

- o

S

/|

>

(s,7.f)

(s,r,7.f)

(s,r,1,1,f)

(s,r,1,1,7,f)
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zig-zag morphism

S

Y

(s,7.f)

(s,r,7.f)

(s,r,1,1,f)

(s,r,1,1,7,f)
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00

EXAMPLES

zig-zag morphism

N

(80,7, r)\ e
"""" N \

2
_ -

(s,7.f)

(s,r,7.f)

(s,r,1,1,f)

(s,r,1,1,7,f)
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EXAMPLES

Unravel this around w:
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LOGIC OF TRANSITIVE FORESTS

COROLLARY: K + (4) is the logic of trees (t00).
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LOGIC OF TRANSITIVE FORESTS

COROLLARY: K + (4) is the logic of trees (t00).

[ Prove that statement ]
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EXAMPLES

1. Find the cluster
(i.e., cycle or largest universally
related subframe)
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EXAMPLES

2. Choose a path that
roams the cluster

S

A

7
v'g

L
L
L

218
q
L
L
L

S

1. Find the cluster
(i.e., cycle or largest universally
related subframe)
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EXAMPLES

2. Choose a path that
roams the cluster

SN

1
1. Find the cluster A
(i.e., cycle or largest universally

related subframe)

X7
“!‘"’,!": %

-3 —>0—>0—>0—>0—>0——>0—>0—>0—>0—>0—>0

3. Copy that
path  Z-many -2 €—>0—>0—>0—>0—>0—>0—>0—>0—>0>0—>0
times

_1 —>0—>0—>0—>0—>0—>0—>0—>0—>0—>0—>0
—>0—>0—>0—>0—>0—>0—>0—>0—>0—>0—>0
—>0—>0—>0—>0—>0—>0—>0—>0—>0—>0—>0

—>0—>0—>0—>0—>0—>0—>0—>0—>0—>0—>0

W N = O

—>0—>0—>0—>0—>0—>0—>0—>0—>0—>0—>0
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000000000 0000

EXAMPLES

2. Choose a path that
roams the cluster

1. Find the cluster

related subframe)

3. Copy that
path  Z-many -2
times
-1
0
1

4. Link them
together into a 2
line

3

(i.e., cycle or largest universally

1
Zs\\l/

AN/
S\

oy_’%
oy_’%
ow
oy_’%
oy_’%
ow

P =—>0—>0—>0—>0—>0—>0—>0—>0—>0—>0—>0
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EXAMPLES

2. Choose a path that
roams the cluster

2%

X

L
L
1
\!

‘\
A
7
(

2
22

1. Find the cluster
(i.e., cycle or largest universally
related subframe)

3 000> 0—>0—>0—>0—>0—>0—>0.
3. Copy that /N
path  Z-many -2 0£5>0—>0—>0—>0—>0—>0—>0—>0—>0—>0—>@
-1 e e—e—e—e—>e—>e—>e—>e—>e 0o . Replace
/N the cluster
O o o e e e e e e e
minite
1 e£5e—>e—>0—>0—>0—>0—>0—>6—>0—>0—>8 (line)

4. Link them /N route
together into a 2 €£>0—>0—>0—>0—>0—>0—>0—>0—>0—>0—>8
3 e£se—>e—>e—>e—>e—>e—>e—>e—>0—>e—>e
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BULLDOZING

THEOREM: Every K4.3 model is a zig-zag image of its bulldozed model.

PROPOSITION: Every bulldozed model of a K4.3 model is acyclic (i.e.,
irreflexive and is free from any equivalence related subframes).

COROLLARY: Every point-generated subframe of a bulldozed model of a
K4.3 model is trichotomic.

COROLLARY: K4.3 is the temporal logic of flow of times (= STO’s = strict total

orders).
Workshop topic: Formalize the idea of bulldozing

and prove that theorem above.

(Source: Blackburn—de Rijke-Venema: Thm 4.56.
though I think it is easier to develop this formalism
by yourself — it is quite hard to read a formalism
like that unless you were the one who wrote it.)
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