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MCTAGGART 1908

There are two ways of speaking about time:

(maybe builted in tenses “was”, “is”, “will”). Note that the truth of
these sentences depends on the time of the utterance. Local perspective.

P Past @ Future N

B-series: with ordering relations: “...comes before ...”, “...comes after ...”. The

7

truth of these sentences does not depend on the time of the utterance.

A-series: with singular predicates: “...is past”, “...is present”, “...is future”

Global perspective.
comes comes comes comes comes comes comes comes
before before before before before before before before
comes comes comes comes comes comes comes comes
after after after after after after after after

Logics of tenses / Tense logics / Temporal logics: A-theories of time
Semantics of tense logics, first-order theories of orderings: B-theories of time
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Temporal language

(the A-perspective)
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BASIC TEMPORAL LANGUAGE

Readings:
p: “It is the case that ¢.”
- “It is not the case that ¢.”
p A :  “Both ¢ and ¢ are true.”
Fp: “It will be the case that ¢.”
Py : “It was the case that ¢.”
e Symbols:
e Atomic sentences p, 4,7, . .. At ¥ {p i iew)

e Logical symbols: -, A, F, P
e Other symbols: (,)
e Formulas:
pu=1p | (@AY) | ~¢ | Fp | Py
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DEFINED CONNECTIVES

Abbreviations:

1 pA-p the contradiction, the false, or falsum
oV e =(=p A ) “ or 1 (or both of them) are true.”
TY pV-p the tautology, the true, or verum

X & (e A ) “If ¢ is true, then so is .”

o b (¢ = ¥) A (v — ) “Itis the case that ¢ if and only if ¢ is the case.”
Gy e =F-p “It will always Going to be the case that ¢.”
He & —P-p “It Has always been the case that ¢.”

Fo & ¢V Fp “It is or will be the case that ¢.”

Py e oV Pp “It is or was the case that ¢.”

Gy e o NGy “It is and always going to be the case that ¢.”
Hyp & ¢ ANHyp “It is and always has been the case that ¢.”

Check (using classical logic) that -F—¢ <= G!
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INTERPLAY OF TENSE AND LOGIC

Which one of the followings sounds true?



Intro Language Semantics
[e] [e]e] e} 00000000

INTERPLAY OF TENSE AND LOGIC

Which one of the followings sounds true?

Glp AY) = (Gp AGY)



Intro Language Semantics
[e] [e]e] e} 00000000

INTERPLAY OF TENSE AND LOGIC

Which one of the followings sounds true?

G(p A1) = (G A Go) fine
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INTERPLAY OF TENSE AND LOGIC
Which one of the followings sounds true?

G(p A1) = (Gp A GY) fine
G(p A Y) < (Gp A GY)
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INTERPLAY OF TENSE AND LOGIC
Which one of the followings sounds true?

G(p A) = (Gp A GY) fine
G(p AY) + (Gp A GY) fine
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INTERPLAY OF TENSE AND LOGIC

Which one of the followings sounds true?
Gl AY) = (Gp AGY) fine
G(p AY) + (Gp A GY) fine
Glp V) = (G Vv GY)

Semantics
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INTERPLAY OF TENSE AND LOGIC

Which one of the followings sounds true?

G(p A1) = (G A Go) fine
G(p AY) + (Gp A GY) fine
G(p V) = (Gp V Gy) strange

Semantics
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INTERPLAY OF TENSE AND LOGIC

Which one of the followings sounds true?

G(p A1) = (G A Go) fine
G(p AY) + (Gp A GY) fine
G(p V) = (Gp V Gy) strange
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Which one of the followings sounds true?

fine
fine
strange
fine

Semantics
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INTERPLAY OF TENSE AND LOGIC

Which one of the followings sounds true?

Glp AY) = (Gp AGY)
G(pANY) + (Gp NGY)
G(p V) = (GpV Gy)
G(p V) « (GpV GY)
F(p V) = (Fo Vv Fy)
F(o V) < (FpV Fy)
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fine
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INTERPLAY OF TENSE AND LOGIC

Which one of the followings sounds true?

Fp Vv Fy)
Fo VvV Fy)
Fo NFy)

Q
S

<
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fine
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Which one of the followings sounds true?
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Which one of the followings sounds true?
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INTERPLAY OF TENSE AND LOGIC

Which one of the followings sounds true?

G(p A ) — (G A Gib) fine
G(p AY) + (Gp A GY) fine
G(p V) = (Gp V Gy) strange
G(p V1) « (Gp V Gi) fine
F(p V) — (Fo V Fy) fine
F(p V) < (Fo V Fy) fine
F(p A ) — (Fo AFy) fine
F(p A1) « (Fo ANFy) strange

(K) G(p = ¢) = (G — G) fine

G(p — ¥) « (Gp — G)
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INTERPLAY OF TENSE AND LOGIC

Which one of the followings sounds true?

Glp AY) = (Gp AGY)
G(pANY) + (Gp NGY)
G(p V) = (GpV Gy)
G(p V) « (GpV GY)
F(p V1) — (Fo vV Fy)
F(o V) < (FpV Fy)
FleA) = (Fp ANFyY)
F(p Ap) < (Fo AFY)
(K) G(p = ¢) = (Gp — G)
G(p = ¥) < (Gp — Gv)

fine
fine
strange
fine
fine
fine
fine
strange
fine
strange

Semantics
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INTERPLAY OF TENSE AND LOGIC

Which one of the followings sounds true?

G(p A1) = (G A Go) fine

G(p AY) + (Gp A GY) fine
G(p V) = (Gp V Gy) strange

G(p V) + (Gp V G)) fine

F(p V) — (Fo V Fy) fine

F(p V) « (Fo V Fip) fine

F(p A1) — (Fo AFip) fine
F(o A) + (Fp AFy) strange

(K) G(p = ¢) = (Gp — G) fine
G(p = ¢) « (Gy — GY) strange

Memorization Trick: If F and V are weak, G and A are strong, then

“weak likes the weak, and strong likes the strong”

GlpAY) < (Gp AGY)
(A2) F(p V1) < (Fp Vv Fy)
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INTERPLAY OF TENSE AND LOGIC

Which one of the followings sounds true?

G(p A1) = (G A Go) fine

G(p AY) + (Gp A GY) fine
G(p V) = (Gp V Gy) strange

G(p V) + (Gp V G)) fine

F(p V) — (Fo V Fy) fine

F(p V) « (Fo V Fip) fine

F(p A1) — (Fo AFip) fine
F(o A) + (Fp AFy) strange

(K) G(p = ¢) = (Gp — G) fine
G(p = ¢) « (Gy — GY) strange

Memorization Trick: If F and V are weak, G and A are strong, then

“weak likes the weak, and strong likes the strong”

G(pAY) < (Gp A GY)
(A2) F(p V1) < (FpVFy)
And “WeakStrong — StrongWeak”: FA — AF, and VG — GV
That is quite usual in logic: IxVy xRy — Vy3x xRy but not vice versa.
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INTERPLAY OF TENSE AND TENSE

Which one of the followings sounds true?
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INTERPLAY OF TENSE AND TENSE

Which one of the followings sounds true?

M) GFy — FGp
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INTERPLAY OF TENSE AND TENSE

Which one of the followings sounds true?

M) GFp — FGyp strange



Intro Language
o oooe

INTERPLAY OF TENSE AND TENSE

Which one of the followings sounds true?

M) GFy — FGp
(G) FGy — GFyp

Semantics

strange

00000000
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INTERPLAY OF TENSE AND TENSE

Which one of the followings sounds true?

M) GFy — FGp
(G) FGy — GFyp

Semantics

strange
fine
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INTERPLAY OF TENSE AND TENSE

Which one of the followings sounds true?

M) GFy — FGp
(G) FGy — GFyp
(B) ¢ — GFyp

Semantics

strange
fine

00000000
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INTERPLAY OF TENSE AND TENSE

Which one of the followings sounds true?

M) GFp — FGyp strange
(G) FGy — GFyp fine
(B) ¢ — GFyp strange
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INTERPLAY OF TENSE AND TENSE

Which one of the followings sounds true?

M) GFp — FGyp strange
(G) FGy — GFyp fine
(B) ¢ — GFyp strange
(T) Gyo = ¢
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INTERPLAY OF TENSE AND TENSE

Which one of the followings sounds true?

M) GFp — FGyp strange
(G) FGy — GFyp fine

(B) ¢ — GFyp strange
(T) Gy = @ strange
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INTERPLAY OF TENSE AND TENSE

Which one of the followings sounds true?

M) GFp — FGyp strange
(G) FGy — GFyp fine

(B) ¢ — GFyp strange
(T) Gy = @ strange

Gy — ¢
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INTERPLAY OF TENSE AND TENSE

Which one of the followings sounds true?

M) GFp — FGyp strange
(G) FGy — GFyp fine

(B) ¢ — GFyp strange
(T) Gy = @ strange

Gy — ¢ trivial
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INTERPLAY OF TENSE AND TENSE

Which one of the followings sounds true?

M) GFp — FGyp strange
(G) FGy — GFyp fine
(B) ¢ — GFyp strange
(T) Gy = @ strange
Gy — ¢ trivial

(4) FFp — Fop
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INTERPLAY OF TENSE AND TENSE

Which one of the followings sounds true?

M) GFp — FGyp strange
(G) FGy — GFyp fine
(B) ¢ — GFyp strange
(T) Gy = @ strange
Gy — ¢ trivial

(4) FFy — Fop fine
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M) GFy — FGp
(G) FGy — GFyp
(B) ¢ — GFyp
(T) Gyo = ¢
Gyp— o
(4) FFp — Fop

(Den) Fp — FFp

Language
oooe

Which one of the followings sounds true?

Semantics

strange
fine
strange
strange
trivial
fine
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INTERPLAY OF TENSE AND TENSE

Which one of the followings sounds true?

A~ N~

NN N S S S

PREISIC
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SZ20K

N

)

e

GFyp — FGp
FGy — GFyp
p — GFyp
Gp = p
Gyp— o
FFo — Fop
Fy — FFyp
Fy — GFyp
¢ — HFyp
p = GPyp
Gy — Fop
(F A Fo) — (F(Fp A1) V Flp A F) VE( A 1)

Semantics

strange
fine
strange
strange
trivial
fine
fine
strange
fine
fine
fine
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INTERPLAY OF TENSE AND TENSE

Which one of the followings sounds true?

M) GFp — FGyp strange
(G) FGy — GFyp fine
(B) ¢ — GFyp strange
(T) Gy — strange
Gp—p trivial

(4) FFp — Fp fine
(Den) Fp — FFp fine
(E) Fy — GFyp strange
(C)r ¢ — HFp fine
(C)r » = GPy fine
(D)g Gy — Fp fine
(H)r  (Fp AF) — (F(Fp Av) VE(p AFS) VE(pAw)  fine
(3 GGy —=v) vV G(GY — o)
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F Gy — Fp

M) GFp — FGyp
(G) FGy — GFyp
(B) ¢ — GFp
(T) Gyo = ¢
Gyp— o
(4) FFp — Fop
(Den) Fp — FFp
(E) Fy — GFyp
(C)r ¢ — HFp
(Cr ¢ — GPyp
(
(
(.

Language
oooe

Which one of the followings sounds true?

D)
H)r  (Fo AFp) — (F(Fo Ap) VF(o AF) V F(o A))
3 G(Gp — ) V G(GY — )

Semantics

strange
fine
strange
strange
trivial
fine
fine
strange
fine
fine
fine
fine

?

It’s time to use precise semantics instead of “sense the Truth behind”.
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Semantics

(The B-perspective)
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FRAMES AND MODELS
A frame is a pair (W, R), where

® W is not empty, its elements are called worlds or moments and

® Ris a binary relation on W, sometimes called alternative or
accessibility relation.

If wRv, then
we say that
“w sees v” or

A strict partial ordering (SPO) is a frame (T, <), where < is

“v is seen by w”.
o irreflexive: Vw —w < w

e transitive: Vv, v, u((w < vAv < u) = w < u)

A SPO (T, <) is treelike or is a forest if
e there is no branching to the past:
vw,v,u((w <uAv<u)— (w<vVw=vVw>0n))

[wgv g w<v\/w:v]

A tree is a treelike SPO (T, <) where

e every two different element has a ‘root”:
Vw,v (w# v — Ju(u <wAu <))

A flow of time or strict total order (STO) is a SPO (T, <), where
® < is trichotomic: Yw,v(w < oVw =vVw > )
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FRAMES AND MODELS
A frame is a pair (W, R), where
® W is not empty, its elements are called worlds or moments and

® Ris a binary relation on W, sometimes called alternative or

O . If wRo, th
accessibility relation. wRo, then
we say that
“w sees v” or
A strict partial ordering (SPO) is a frame (T, <), where < is “vis seen by w”.
e irreflexive: Vo —w < w
cps Show that every SPO
e transitive: Vv, v, u((w < vAv < u) = w < u) is asymmetric, i.e,

Yw,v(w < v — —w > v)
A SPO (T, <) is treelike or is a forest if

e there is no branching to the past:
vw,v,u((w <uAv<u)— (w<vVw=vVw>0n)) [wév ad W<UVZU:U]

A tree is a treelike SPO (T, <) where In which structure
is it true that
e every two different element has a ‘root”: Vo, v(w < v ¢ —w > 0)?
Vw,v (w# v — Ju(u <wAu <))
Show that every
A flow of time or strict total order (STO) is a SPO (T, <), where flow of time is

. . . a) treelike
® < istrichotomic: YV, v (w < vVw=vVw > ) b) is a tree
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FRAMES AND MODELS
A frame is a pair (W, R), where
e W is not empty, its elements are called worlds or me

® Ris a binary relation on W, sometimes called
accessibility relation.

A strict partial ordering (SPO) is a fp- “vis seen by w”.

Show that every SPO
is asymmetric, i.e,
Yw,v(w < v — —w > v)

w<.v\/w:va>z;)) [wgvfgw<va:v]

In which structure
’ <> where is it true that
erent element has a ‘root”: Vo, o(w < v ¢ —w > v)?

;é—)ﬂu(ugw/\ugv))

Show that every
ow of time or strict total order (STO) is a SPO (T, <), where flow of time i

. . . a) treelike
® < istrichotomic: YV, v (w < vVw=vVw > ) b) is a tree
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CLOSURES

The reflexive closure R” of a relation R is the smallest reflexive relation that contains it,
ie.,

® wR"v whenever wRo,

® R is reflexive: Vw wRw

® Whenever a relation Q has these two property above, it can not have less arrows
than R’, i.e. wR"v implies wQu.
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CLOSURES

The reflexive closure R of a relation R is the smallest reflexive relation that contains it,
ie.,

Show that for arbitrary <,
® wR"v whenever wRv, < is the reflexive closure of <.

® R’ is reflexive: Vw wRw

® Whenever a relation Q has these two property above, it can not have less arrows
than R’, i.e. wR"v implies wQu.
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CLOSURES

The reflexive closure R” of a relation R is the smallest reflexive relation that contains it,
ie.,

Show that for arbitrary <,
® wR"v whenever wRo,

< is the reflexive closure of <.
® R’ is reflexive: Yw wRw

® Whenever a relation Q has these two property above, it can not have less arrows
than R’, i.e. wR"v implies wQu.

The transitive closure of a relation R is the smallest transitive relation R! that contains
it, i.e.,

® wR'v whenever wRv,

® R!is transitive,

® Whenever a relation Q has these three property above, wR'v implies wQu.



Intro

Language
[e]

Semantics
0000

O@000000

CLOSURES

The reflexive closure R” of a relation R is the smallest reflexive relation that contains it,
ie.,

”

Show that for arbitrary <,
® wR"v whenever wRo, < is the reflexive closure of <.

L
® R is reflexive: Vw wRw

® Whenever a relation Q has these two property above, it can not have less arrows
than R’, i.e. wR"v implies wQu.

The transitive closure of a relation R is the smallest transitive relation R! that contains
it, i.e.,

‘ Is it true, that if (W, R) is irreflexive,
® wR'v whenever wRv, then (W, R') is a SPO?

® R is transitive,

® Whenever a relation Q has these three property above, wR'v implies wQu.
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CLOSURES

The reflexive closure R” of a relation R is the smallest reflexive relation that contains it,

ie.
’ Show that for arbitrary <,
® wR"v whenever va, < is the reflexive closure of <.
® R’ is reflexive: Vw wRw

® Whenever a relation Q has these two property above, it can not have less arrows
than R’, i.e. wR"v implies wQu.

The transitive closure of a relation R is the smallest transitive relation R! that contains
it, i.e.
4 4 ‘ Is it true, that if (W, R) is irreflexive,
® wR'v whenever wRv, then (W, R') is a SPO?
® R!is transitive,

® Whenever a relation Q has these three property above, wR'v implies wQu.

The reflexive transitive symmetric closure of a relation R is the smallest reflexive,
transitive and symmetric relation R” ts that contains it, i.e.,

® wR"Sy whenever wRo,

R is reflexive,

R is transitive,

R is symmetric: Vo, v(wR™v — vR™w)

Whenever a relation Q has these four property above, wR"v implies wQu.
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CLOSURES

The reflexive closure R” of a relation R is the smallest reflexive relation that contains it,

ie.
’ Show that for arbitrary <,
® wR"v whenever va, < is the reflexive closure of <.
® R’ is reflexive: Vw wRw

® Whenever a relation Q has these two property above, it can not have less arrows
than R’, i.e. wR"v implies wQu.

The transitive closure of a relation R is the smallest transitive relation R! that contains
it, i.e.
4 4 ‘ Is it true, that if (W, R) is irreflexive,
® wR'v whenever wRv, then (W, R') is a SPO?
® R!is transitive,

® Whenever a relation Q has these three property above, wR'v implies wQu.

The reflexive transitive symmetric closure of a relation R is the smallest reflexive,
transitive and symmetric relation R” ts that contains it, i.e.,

® wR"Sy whenever wRo,

® R'5 jsreflexive,

® R’ is transitive,

® R is symmetric: Vw, v(wR™v — vR™w)

® Whenever a relation Q has these four property above, wR*v implies wQu.
A frame (W, R) is connected iff Vo wR*v
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CLOSURES

The reflexive closure R” of a relation R is the smallest reflexive relation that contains it,
ie.
! Show that for arbitrary <,
® wR"v whenever va, < is the reflexive closure of <.
® R’ is reflexive: Vw wRw
® Whenever a relation Q has these two property above, it can not have less arrows
than R’, i.e. wR"v implies wQu.

The transitive closure of a relation R is the smallest transitive relation R! that contains
it, i.e.
4 4 ‘ Is it true, that if (W, R) is irreflexive,
® wR'v whenever wRv, then (W, R') is a SPO?
® R!is transitive,

® Whenever a relation Q has these three property above, wR'v implies wQu.

The reflexive transitive symmetric closure of a relation R is the smallest reflexive,
transitive and symmetric relation R” ts that contains it, i.e.,

® wR"y whenever wRv, Show that
a) all trees are connected,

° ths is reﬂexive, b) not all treelike SPO’s are connected.

® R’ is transitive,

® R is symmetric: Vw, v(wR™v — vR™w)

® Whenever a relation Q has these four property above, wR*v implies wQu.
A frame (W, R) is connected iff Vo wR*v
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MODELS

We'll use frames to determine the meaning of the formulas. To establish the
connection, what we need is an interpretation or evaluation V.

The job of V is to tell for every formula ¢, whether it is true or not in a given
moment of a frame or not. So this will be a function which assigns a truth
value 0 or 1 to every formula p and momentw € W, i.e,,

V:Atx W —{0,1}.

Another perspective is the following: Let the job of V be to tell for every
formula ¢, what is the set of worlds in which it is true, i.e.,

VAt = P(W).
Hereby we have the (first step for a) mathematical representation of that

connection between the syntax (At), and the semantics ((W, R)).

According to the latter then, w € V(p) will represent the fact that p is true at
w with respect to (W, R) and V. We will abbreviate this by

W,R,V,w = p.

To simplify the notation, we will call the frame+interpretation pairs models.
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MODELS
A model M is a pair (F, V) where
e Fisaframe§ = (W,R),
e Visanevaluation V : At — P(W).
We define the satisfaction or local truth relation in the following way:

Q.
@
=N

Mwl=p & weV(p)

Mw = —p & itisnot true that M, w S0
Mw = oAy & M, w = pand M, w = ¢
M, w = Fop & Fo(w < v AMw = @)

M, w = Py & Fo(o <wAMw = @)

We define the global truth or just simply the truth relation based on the local
truth:

MEp <= VoMwE=e

And the most important: we say that ¢ is valid of § iff it is true no matter what

are the meunings Of its atomic particles: Why is the latter so important? Because only
the structure matters here. So by investigating

<= vV V validities, we will able to investigate the struc-
S ': ¥ 3:7 ': ¥ ture of time, while we keep the local perspec-
tive of the modal language.
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Give a countermodel
MODE LS a) for every formula what we labelled ‘strange’, such that
. . b) for some formula what we labelled ‘fine’.
A model Mis a pair <3’ V> where (i.e., give a model in which the formula in question is not true
Y %’ is a frame S — <[/\/'7 R>, (i.e., false in some world of it))

e Visanevaluation V : At — P(W).
We define the satisfaction or local truth relation in the following way:

Mwl=p & we V(p)

Mw = —p & itisnot true that M, w S0
MwkEpry & MwkEgpandMw =y
M, w = Fop & Fo(w < v AMw = @)

M, w = Py & Fo(o <wAMw = @)

We define the global truth or just simply the truth relation based on the local
truth:

MEp <= VoMwE=e
And the most important: we say that ¢ is valid of § iff it is true no matter what

are the meunings Of its atomic particles: Why is the latter so important? Because only
the structure matters here. So by investigating

<= vV V validities, we will able to investigate the struc-
S ': ¥ 3:’ ': ¥ ture of time, while we keep the local perspec-
tive of the modal language.
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B LANGUAGE

Every temporal model 9t can be viewed as a classical first-order model:

m = (W,R,V)
~  (W.RV(p).V(g),.. )pgern  “unpack”V
e (W,I(R),V(p), V(g),. )M,..AeAt consider R as a meaning of an R
ReEPred?
e (WIR),I(P), 1(Q)s -+ )po...cpreat  cOnsider At as monadic predicates
RePred?
~ <W7 I> ”paCk"I
So the corresponding (object linguistic!) FOL language is
e Symbols:
e Monadic predicates: P, Q, R, ...
e Binary predicates: R
e Variables: w,v,u, ...
e Logical symbols: =, A, =, 3,
e Other symbols: (,)

e Formulas:

pu=w=0v | Pw) | wRo | =¢ | (pA9) | Jwp
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STANDARD TRANSLATION

ST.(p) = P(x)

(np) = -STu(p)

STi(p AY) = STi(yp) ASTx(t)
(

ST« (Fyp) = Ju(xRu A STy(p)) where v is a fresh variable

STy (Pyp) = Jo(vsdx A STy(p)) where v is a fresh variable
Homeworks:

THEOREM : MwlEp <<= MESTi(p) [ox— w]]

COROLLARY : MEp <= MEVxeST(p)

COROLLARY : TEe <<= MEVPVQ...VxST(p)

The last is in Second Order Logic!!!! Le., in frame semantics we quantify over subsets of W! SOL is a powerful
language, but it has a tons of disadvantages, just some of them: Truths of formulas depends on that which ZFC
model are we in, it can articulate non-logical statements, what is more, ZFC-independent statements like continuum
hypothesis, no completeness theorem, no compactness, etc.

But, the fragment corresponding to TL is free from all of these, while it can maintain some of SOL’s power. And

sometime second order statements defined by TL are just equivalent to FOL statements...
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FOL ABBREVIATIONS

Of course, we always omit the outermost brackets.

Qo
9]
(N

VXQO <~ ﬁﬂXﬁ(p
el def

Vxyp & vavye VX, v E Vavyp
def def

Vxyzp S VaxVyVze Vx, vy, zp S VavVyVze

(Vx € )¢ s Vi) 5 v)  Greo & (e Av)

And a full stop after a logical symbol means an opening bracket whose scope
is the longest as possible (i.e., ends before the first closing bracket), e.g.

I = <= Ix(p =)
Or the 3rd Frege-Hilbert axiom
(P =W =x) = (p=9) = (p—=X)
can be written up as
(=W =x)=(p=9) = (=X

(o= —=x) = (p—=>9) = .p—x
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Difficulty =~ Name  TL formula FOL formula Name
Easy T Op — ¢ Vw wRw reflexive
Easy 4 Op — O0¢ Ywou. wRvRu — wRu transitive
Normal Den OO — Op VYwv. wRu — (Jv)wRvRu dense
Easy B p — 0O0p Vwo. wRv — vRw symmetric
Normal E Op — 00 Ywo. uAwRv — vRu euclidean
Normal G O0p — OO Vwou. vAwRu — (EIu’)(vRu’ﬂu) convergent
Normal 3 Qp N OY — Ywou. vAwRY — (vRu V vAu V 4 = v)  no branching to the right
(Op A OP)V
Ole AY)V
O(0p A1)
Hard 3 O0¢p — )V Ywou. vAwRY — (VRu V vAu V 4 = v)  no branching to the right
00y — )
Easy D Op — O Vw3v wRo serial
Easy Dt D(D(p — (p) Vwo. wRv — vRo secondary reflexive
Beautiful GL O(0O¢ — ¢) - Op  Vwou(wRvRu — wRu) A Noetherian SPO
—-3P(Vw € P)(Fvslw) P(v)
Beautiful Grz O(0O(e — Op) — Yw wRwA reflexive
— @) = ¢ Vwou (WRvRu — wRu) A Noetherian
—-3P(Vw € P)(Fviw)(w # v A P(v))  partial ordering
Easy v O Ywv ~wRov empty
Easy Tr e — Op Vwo. wRv — w =0 diagonal
Normal 1.1 Cp — Oy Vwou. vAwRu — v =1u partial function
Normal ijkl Oichp — Dkolap Vwou. vXiwRky — (Hu/)(vau’ﬂlu) ijkl-convergent
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